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Abstract 

This work is devoted to analyze the energy of the Universe in the context of f(T) theories. Such 
theories are the analogous counterpart of the well known f(R) theories that, however, uses torsion 
instead of curvature. We obtain a general expression for the gravitational energy-momentum vector 
in this framework. Using the hypothesis of the isotropy of spacetime, we find the energy of the 
Universe and compare it with the energy obtained in the realm of teleparallelism equivalent to 
general relativity (TEGR). 
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I. INTRODUCTION 



Teleparallel gravity and general relativity are two different theories with the same field 
equations. In general relativity it is not possible to construct an expression for the gravi- 
tational energy in terms of the metric tensor and its second derivatives which gave rise the 
the approach of pseudo-tensors of energy-momentum. On the other hand in TEGR there 
is an expression for the gravitational energy-momentum vector, tested along the years, in 
terms of the tetrad field which is the dynamical variable of the theory. This feature will be 
explored in this article. 

The Hilbert-Einstein lagrangian density, which gives the dynamics of general relativity, 
can be generalized as a function of Ricci scalar. This establishes a wide class of lagrangian 
densities that lead to what is known as f (R) theories 111 . Several cosmological observations, 
such as supernovae microwave background [4|, |5[, large-scale structure 



and baryon acoustic oscillations jg], point to exotic kind of energy which is known as dark 
energy. The f(R) theories have been used successfully to explain such observations. It can 
explain the experimental data since it adds extra terms in the energy-momentum tensor of 
matter fields in the Einstein equations, working as a different font of energy density. 

Such a success leads us to study the generalization of the lagrangian density of teleparallel 



gravity which is known as f(T) theories. Recent 
sented as an alternative to inflationary models 



y, models based on f(T) gravity were pre- 
Moreover, in the literature we find some 



works that attempt to explain the late-time accelerated expansion of the Universe in the 



context of f(T) theories [10l. 111]. We would like to shed light on the subject by exploring the 
main advantage of f(T) theories: the existence of a gravitational energy-momentum vector. 
In our opinion dark energy could be a manifestation of some sort of gravitational energy, 
hence studying it in the framework of f(T) theories become rather an imposition. Therefore 
the knowledge about the energy of the Universe can improve our understanding of how it is 
expanding. 



Recently the energy of the Universe was obtained in the context of teleparallel gravity 12 ]. 
Such an result was derived considering the Universe as described by the FRW metric and the 
use of regularized expressions as well. This use is necessary in cosmology to describe reference 
frames since it is possible to have remanence of torsion in the flat space-time. Thus we intend 
to find a general expression of the energy-momentum vector in the context of f(T) theories, 



contained in an arbitrary volume V of the three-dimensional spacelike hypersurface, P a . The 
definition of P a proved to be invariant under coordinate transformation and transform like a 
vector under Lorentz transformations, features that are essential to a true energy-momentum 
vector. Then, as an application we obtain the gravitational energy of the universe taking 
into account the cosmological principle and analyze what would be a correction in the 
gravitational energy from the approach of the f(T) theories when compared to TEGR. 

Notation: space-time indices //, u, ... and SO(3,l) indices a,b,... run from to 3. Time 
and space indices are indicated according to fi = 0, i, a = (0),(z). The tetrad field is 
denoted by e% and the determinant of the tetrad field is represented by e = det(e%). 



II. TELEPARALLEL GRAVITY AND F(T) THEORIES 

In this section we would like to establish the field equations of f(T) theories and a def- 
inition of energy-momentum vector. However firstly it is necessary to recall some ideas of 
TEGR which is an alternative theory of gravitation, that is entirely equivalent to standard 
general relativity in what concerns dynamical equations. The main difference between both 
formulations is the existence, in the framework of Teleparallel gravity, of a true gravitational 
energy-momentum vector which is independent of coordinate transformations and sensible 
to the change of reference frame. It replaces the Riemannian curvature by the torsion in a 
tetrad formulation of Weitzenbock (or Cartan) space-time [13I . . An approach originally 
considered by Einstein himself in 1930 [15] . 

The tetrad field and metric tensor are related by g^ v = e aM e a The familiar theory of 
general relativity deals with the Christoffel symbols °r /J ^ J/ , as the connection of space-time. 



On the other hand TEGR is formulated in terms of Cartan connection 161 ]. = e a nd\e au . 



The geometric framework of both theories is related by means the following identity 

+ K^ Xu , (1) 

where K^xu is given by 



(2) 



K^Xu is the contortion tensor defined in terms of the torsion tensor constructed from the 
Cartan connection. The torsion tensor is T^xv = e afJi T a xu, with 

T a xv = d x e\-d u e a x . (3) 

The curvature tensor obtained from T^xv is identically zero. From the identity (CQ) we 
have 

eR(e) = -e{-T abc T abc + l -T abc T bac - T a T a ) + 2«9 M (eT") , (4) 

where R(e) is the scalar curvature of a Riemannian manifold in terms of the tetrad field and 
T » = T b b f. 

The Teleparallel Lagrangian density can be defined from the identity @ which reads 

£(e OM ) = -k e (^T abc T abc + l -T abc T bac - T a T a ) - £ M 

= —k eY> abc T abc — £ M , (5) 

where k = l/(167r), 2m is the Lagrangian density of matter fields and S a6c is given by 

^abc _^rpabc _|_ rpbac rpeab^ _j_ —^q ac/ J^^ Tj ab T C ^J (6) 

with T a = e a ^T^. It is important to note that the divergence term has been dropped 
once it does not contribute to the field equations. Thus both theories share the same field 
equations and hence are equivalent to each other, since there is an equivalence between their 
Lagrangian densities. 

The most general Lagrangian density in the realm of teleparallelism is given by 

£ = e/(T)-£ M , (7) 

where T = Y> abc T abc . Performing a variational derivative of the above Lagrangian density 
with respect to e a7 , which are the dynamical variables of the system, the field equations are 



f'(T) \d v (eY? riv ) -e£ bc7 T 6c a l — e £ aA7 (d\T) f"(T) + ]ee a ~> f(T) = ^ eT a \ (8) 

4 4k 
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where T aM = e a xT^ = ^^M- is the energy-momentum tensor of matter fields. The prime 
in f(T) means a derivative with respect to T. The field equations can be rewritten as 

d v (e£ aA ^ f(T)) = i- e e a + T A ^) , (9) 

where t Xfl is defined by 



= k [4 f (T) £ bcA T 6c " - ^ /(T)] . (10) 
Since S aAl/ is skew-symmetric in the last two indices, it follows that 

^(eS^/'(T)) = 0. (11) 

Thus we get 

<9 A (et aA + eT aA ) = (12) 
which yields the continuity equation 



I d 3 x e e%(t 0/i + T° M ) = - / dfi,- [e e a M (t J '" + T^)] 
Jv J s 



d 
dl 

It should be noted that the above expression works as a conservation law for the sum of 
energy- momentum tensor of matter fields and for the quantity t AAt . Thus t Xl1 is interpreted 
as the energy-momentum tensor of the gravitational field in the context of f(T) theories, 
)eing more general than (and slightly different from) the usual quantity of TEGR 
rs| . Therefore, one can write the total energy- momentum contained in a three-dimensional 
volume V of space as 

P a = [ d 3 xee\(t 0fl + T^), (13) 
Jv 

or using the field equations we have 

P a = 4k [ d 3 xd u (e£ a0l/ f(T)) . (14) 
Jv 

It is worth to note that the above expression is invariant under coordinate transformation 
and transforms like a vector under Lorentz transformations. Such features are desirable and 
expected for a true energy-momentum vector. 



III. APPLICATION IN COSMOLOGICAL SCALES: THE ENERGY OF THE 
UNIVERSE 



The cosmological principle asserts that the large-scale structure of the Universe reveals 
homogeneity and isotropy [l9| . The most general form of a line element that preserves such 
features may be written as |2( 



ds 2 



-dt 2 + a 2 (t) 



dr 2 



+ r 2 (d6 2 + sin 2 



(15) 



;i - k'r 2 ) 

where a(t) = S{t)/\K\ 1 / 2 if K ^ and a(t) = S(t) if K = 0. S(t) is the scale factor and K 
is the constant curvature of space. Here K = \K\k' where k' assumes the values +1,0, — 1 
which correspond to a space of constant positive curvature, a flat space or a space of constant 
negative curvature, respectively 

Let us choose the following tetrad field adapted to a stationary reference frame 











y^IT sin 9 cos <fi yA cos 8 cos < 
y/g~n sin 6 sin \J~A cos 6 sin ( 
y^iicos^ —\/Asm8 





— \J~A sin 9 sin < 

*C4 sin # cos </ 




(16) 



where A = r 2 a 2 . By direct inspection one can see that the above tetrad yields the line 
element (1T5T) . The non- vanishing components of the torsion tensor are 



T202 
T212 
T303 



1 
2 
1 
2 
1 
2 
1 
2 
1 
2 



ggij 
St" 



\ ; -' 



dA 
~dt 



sin 2 . 



sin 2 . 



(17) 



After some algebraic manipulation we find 
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£(0)01 



1 

2 



(f)"2v^' 



/0n 



sin 9 



(18) 



which is simplified to 



: E (0)01 



(l-k'r 2 ) 



2\V2 



ra sin . 



(19) 



Our intent when writing such a component is to give the gravitational energy which is the 
zero component of the vector defined in (I14p. Therefore we also have 



T 



which reads 



- (f ) 2 + 4 V^A (f ) + 2 (f ) m A + (f ) V -W 



(20) 



, 4 fc' (l-£;'r 2 ) 1/2 
T = 6# 2 - — + 2- + 4 ^ — 1— 

r z a z a r a 

with H = a/a being the Hubble's constant. Let us choose the following form for f(T) 



(21) 



f(T) 



T+-T 2 
2 



where A is a coupling constant; its value should be very small when compared to T, since 
there is no observational data concerning modifications of general relativity. Thus f'(T) = 
1 + AT and the energy is written as 



P (0) = Ak lim 



r^R 



2tt 



JO 



1- (l-k'r 2 ) 



2\ 1/2 



1 + 2A \3H 2 - 



k' 2 (l-k'r 



2\l/2" 



r 2 a 2 



+ -T + 



r 2 a 2 



ra sin 



which becomes 



l-(l-k'R 



1 + A 



ft' 



6H z + 2 — 



a 2 R 2 a 



4 (1-fc'i? 2 
4- 



i? 2 a 2 



after integration over a spherical hyper-surface of radius R. 



The quantity = Ra 



'l-k'R 



2\V2 



(22) 



is precisely the energy of the Universe ob 



tained in the context of TEGR by means of a regularization procedure (see eq. (31) of 12]). 



Therefore the correction in the energy of the Universe AP* ' = P (0) - P (0) , if the dynamics 
was modified by the lagrangian density ([7]), is 



Ap (0) = A p(o) 



o k 

6H 2 + 2 — - 



+ 4^ 



i? 2 a 2 



P 2 a 2 



(23) 



It should be noted that both the correction AP^ and the energy without modification P^ 
vanish when the curvature of the Universe is zero since they are proportional to each other. 
For the two other possible values of k' , the extra amount of energy given by eq. (123]) could 
play an important role in what is called dark energy. 

The temporal evolution of a(t) is given by the equations 



3 [H 2 + 



+ A | 27H' 2 + 30- 



k'H 2 



.12 



^ ^ rr9 k 

- + 2H + — + A 

a a z 



1orr2 a Qk' tt2 2k' 
18H 2 - + —H 2 + — 

a cr cr 



+ 7- 



a + 



k' 



—4irp . 



(24) 
(25) 



where p and p are the energy density and the pressure of the cosmological fluid respectively. 
Let us reorganize both equations above as 



3 H 



a o k' 
- + 2H 2 + — + 

a cr 



oTIPt i 

—Attpt 



(26) 
(27) 



where 



and 



Pt = P 



Pt =P + 



Air 



8tt V a 2 a 4 

"18a 



if + ^rH 2 + — 

a a z cr 



d + 



A-' 



It should be noted that the equation of state has been obtained considering the isotropy 
and homogeneity principle which asserts that any direction is privileged in the Universe and 
there is a uniform distribution of energy/matter on large scales. Then we drop out any term 
which decays like r~ l or more. 
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IV. CONCLUSION 



In this paper we have obtained a general expression for the gravitational energy- 
momentum in the realm of teleparallel gravity when the dynamics is governed by a general 
lagrangian as a function of the scalar T = T, abc T abc and thus called f(T) theories (in analogy 
to the f(R) theories). Such an expression has never appeared in the literature. Then we 
applied our expression to the FRW metric which was established taking into account the 
principle of isotropy and homogeneity of the large scale of the Universe. We suppose a form 
for the function f(T) and we obtained a correction, AP(°\ in the gravitational energy of 
the Universe. Such a correction can be viewed as a possible explanation for what is known 
as dark energy since the equation of state for a(t) is modified due to the alteration the 
lagrangian. Therefore this extra amount of gravitational energy could be seen as a source 
for dark energy. 
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